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ON COMMUTATORS OF EQUIVARIANT
HOMEOMORPHISMS
TOMASZ RYBICKI
Abstrat. The long-standing problem of the perfetness of the
ompatly supported equivariant homeomorphism group on a G-
manifold (with one orbit type) is solved in the armative. The
proof is based on an argument dierent than that for the ase of
dieomorphisms. The theorem is a starting point for omputing
H1(HG(M)) for more ompliated G-manifolds.
1. Introdution
Let M be a topologial manifold and let H(M) be the identity om-
ponent of the group of all ompatly supported homeomorphisms of
M with the ompat-open topology. J.N. Mather [8℄ showed that the
group H(Rm) is ayli. His result ombined with a fragmentation
property for homeomorphisms (Corollary 3.1 in [7℄) yields that H(M)
is perfet and it is simple as well (f.[5℄). Reall that a group H is
alled perfet if H = [H,H ], where [H,H ] is the ommutator subgroup
of H .
Let G be a ompat Lie group ating on M . Let HG(M) be the
group of all equivariant homeomorphisms ofM whih are isotopi to the
identity through ompatly supported equivariant isotopies. Suppose
now that G ats freely on M . Then M an be regarded as the total
spae of a prinipal G-bundle pi :M → M¯ =M/G (f. [6℄).
Theorem 1.1. HG(M) is a perfet group.
An analogous theorem for equivariant Cr-dieomorphisms, where
r = 1, . . . ,∞, r 6= dim(M¯) + 1, is due to A. Banyaga ([4℄ or [5℄) for G
being a torus, and is due to K. Abe and K. Fukui [1℄ for an arbitrary
ompat Lie group G. Reently the latter authors showed in [2℄ suh
a theorem for equivariant Lipshitz homeomorphisms. The theorem
and the orollary below seem to be a starting point for omputing
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H1(HG(M)) for more ompliated G-manifolds, e.g. analogously as it
was done in [3℄ for equivariant dieomorphisms.
2. A lue lemma
First we prove a lue auxiliary result. We dene a ountable set of
intervals of R
m
, Ikn, where n = 0, 1, . . ., and k = 0, 1, . . . , 2
n−1. We set
I00 = (
1
3
, 2
3
)× (0, 1)m−1, I01 = (
7
6
, 8
6
)× (0, 1)m−1, I11 = (
10
6
, 11
6
)× (0, 1)m−1,
I02 = (
25
12
, 26
12
) × (0, 1)m−1, I12 = (
28
12
, 29
12
) × (0, 1)m−1, I22 = (
31
12
, 32
12
) ×
(0, 1)m−1, I32 = (
34
12
, 35
12
)× (0, 1)m−1. In general we let
Ikn =
(
n+
1 + 3k
3 · 2n
, n+
2 + 3k
3 · 2n
)
× (0, 1)m−1.
Let h be an inreasing homeomorphism of (0, 1) onto (0,∞). We dene
the family B = {Bkn} of open balls ontained in (0, 1)
m ⊂ Rm
Bkn = (h× idRm−1)
−1(Ikn).
Next, for n = 0, 1, . . ., we an hoose a family {φ−n } of ompatly
supported homeomorphisms with pairwise disjoint supports suh that
φ−n (B
k
2n) = B
k
2n+1, k = 0, 1, . . . , 2
2n − 1,
and φ−n = id on
⋃
B−{Bk
2n,B
k
2n+1}
Bk
′
n′ . Likewise, for n = 0, 1, . . ., we an
nd three next families of ompatly supported homeomorphisms with
pairwise disjoint supports: the family φ+n satisfying
φ+n (B
k
2n) = B
22n+k
2n+1 , k = 0, 1, . . . , 2
2n − 1,
and φ+n = id on
⋃
B−{Bk
2n,B
22n+k
2n+1 }
Bk
′
n′ ; the family ψ
−
n given by
ψ−n (B
k
2n+1) = B
k
2n+2, k = 0, 1, . . . , 2
2n+1 − 1,
and ψ−n = id on
⋃
B−{Bk
2n+1,B
k
2n+2}
Bk
′
n′ ; and the family ψ
+
n verifying
ψ+n (B
k
2n+1) = B
22n+1+k
2n+2 , k = 0, 1, . . . , 2
2n+1 − 1,
and φ+n = id on
⋃
B−{Bk
2n+1,B
22n+1+k
2n+2 }
Bk
′
n′ .
We hoose any φ−n with support in a possibly small ball ontaining
the union of Bk2n and B
k
2n+1, k = 0, 1, . . . , 2
2n− 1, and similarly for the
other families. Put φ∗ =
∏
n φ
∗
n, and ψ
∗ =
∏
n ψ
∗
n, where ∗ is equal to
− or +. It is easily seen that then φ∗ and ψ∗ are homeomorphisms.
Let Cc(R
m) is the spae of all ompatly supported R-valued on-
tinuous funtions on R
m
, and CB(R
m) ⊂ Cc(R
m) be the set of fun-
tions ompatly supported in B = B00 . Suppose u = u
0
0 ∈ CB(R
m).
We shall dene a family of ontinuous funtions ukn ∈ Cc(R
m), where
n = 0, 1, . . ., and k = 0, 1, . . . , 2n − 1, suh that supp(ukn) ⊂ B
k
n.
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Set u01 = −
1
2
u00 ◦ (φ
−
0 )
−1
and u11 = −
1
2
u00 ◦ (φ
+
0 )
−1
. Next we put
u02 = −
1
2
u01 ◦ (ψ
−
0 )
−1
, u12 = −
1
2
u11 ◦ (ψ
−
0 )
−1
, u22 = −
1
2
u01 ◦ (ψ
+
0 )
−1
, and
u32 = −
1
2
u11 ◦ (ψ
+
0 )
−1
. In general we dene by indution
uk2p+1 = −
1
2
uk2p ◦ (φ
−
p )
−1
and u2
2p+1+k
2p+1 = −
1
2
uk2p ◦ (φ
+
p )
−1,
where p = 0, 1, . . . ; k = 0, 1, . . . , 22p − 1, and
uk2p+2 = −
1
2
uk2p+1 ◦ (ψ
−
p )
−1
and u2
2p+1+k
2p+2 = −
1
2
uk2p+1 ◦ (ψ
+
p )
−1,
where p = 0, 1, . . . ; k = 0, 1, . . . , 22p+1 − 1.
Next we onsider four ontinuous funtions
v−1 =
∑
uk2p+1, v
+
1 =
∑
u2
2p+1+k
2p+1 ,
where p = 0, 1, . . ., k = 0, 1, . . . , 22p − 1, and
v−2 =
∑
uk2p+2, v
+
2 =
∑
u2
2p+1+k
2p+2 ,
where p = 0, 1, . . ., k = 0, 1, . . . , 22p+1−1. Now if we put w¯ =
∑
n≥0;k u
k
n
and w =
∑
n≥1;k u
k
n then obviously u = u
0
0 = w¯−w. On the other hand,
w = v−2 − v
−
2 ◦ ψ
− + v+2 − v
+
2 ◦ ψ
+
and, similarly, w¯ = v−1 − v
−
1 ◦ φ
− +
v+1 − v
+
1 ◦ φ
+
.
We shall apply the above reasoning to the semi-diret produt group
H(Rm) ×τ Cc(R
m), where τh(u) = u ◦ h
−1
for h ∈ H(Rm) and u ∈
Cc(R
m). Then we have
(h1, u1) · (h2, u2) = (h1 ◦ h2, u1 ◦ h
−1
2 + u2)
for all h1, h2 ∈ H(R
m) and u1, u2 ∈ Cc(R
m).
Take (h, u¯) ∈ H(Rm) ×τ Cc(R
m). We have (h, u¯) = (id, u) · (h, 0),
where u = u¯ ◦ h. Then (h, 0) belongs to the ommutator subgroup by
[8℄. We may assume that u is supported in B and u = w¯−w as above.
Observe that
[(g, 0), (id, v)] = (id, v ◦ g − v)
for g ∈ H(Rm) and v ∈ Cc(R
m). Therefore
(id, u) = (id, w¯ − w) = (id, w¯)(id,−w)
= (id, v−1 − v
−
1 ◦ φ
− + v+1 − v
+
1 ◦ φ
+)(id, v−2 ◦ ψ
− − v−2 + v
+
2 ◦ ψ
+ − v+2 )
= (id, v−1 ◦ φ
− − v−1 )
−1(id, v+1 ◦ φ
+ − v+1 )
−1(id, v−2 ◦ ψ
− − v−2 )(id, v
+
2 ◦ ψ
+ − v+2 )
= [(φ−, 0), (id, v−1 )]
−1[(φ+, 0), (id, v+1 )]
−1[(ψ−, 0), (id, v−2 )][(ψ
+, 0), (id, v+2 )].
Consequently, (id, u) is in the ommutator subgroup as well.
Thus we have shown
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Lemma 2.1. The semi-diret produt group H(Rm) ×τ Cc(R
m) is a
perfet group.
Remark 2.2. Observe that φ∗ and ψ∗ need not be C1-dieomorphisms
even if so are φ∗n and ψ
∗
n. Consequently, the onstrution is not valid
in the C1 ategory.
Remark 2.3. Analogous results to Lemma 2.1 were also lue ingredi-
ents of proofs in [4℄, [1℄, and [2℄. However the proofs of these analogs
were muh easier than the present one as they made use of a stabil-
ity property for dieomorphisms or Lipshitz homeomorphisms. This
property is no longer true in the topologial ategory.
3. The proof of Theorem 1.1
Let P : HG(M) → H(M¯) be a homomorphism given by P (h)(x¯) =
pi(h(x)), where x ∈ M is any element suh that pi(x) = x¯. Let h ∈
HG(M). In view of [8℄ and [6℄ it sues to onsider h ∈ kerP . In
fat, P (h) an be deomposed as P (h) = g1 ◦ · · · ◦ gr suh that gi ∈
H(M¯) is supported in a ball Bi with pi|pi
−1(Bi) trivial, i = 1, . . . , r.
Then eah gi an be obviously lifted to hi ∈ HG(M), i.e. P (hi) = gi.
Due to [8℄ eah hi an be written as a produt of ommutators and
h ◦ h−1r ◦ · · · ◦ h
−1
1 ∈ kerP .
Assume now that h ∈ kerP . Then h an be identied with a ontin-
uous funtion h¯ : M¯ → G suh that h(x) = x · h¯(x¯), where pi(x) = x¯.
Let us identify L(G), the Lie algebra of G, with Rq, q = dim(G),
by means of a basis (X1, . . . , Xq) of L(G). Let Φ : R
q ⊃ V → U ⊂ G
be a hart given by Φ(t1, . . . , tq) = (exp t1X1) . . . (exp tqXq). Sup-
pose that h is so small that the image of h¯ is in U . If we let h˜ =
Φ−1 ◦ h¯ = (u1, . . . , uq) then we may and do assume (after an obvious
fragmentation) that eah ui is supported in an open ball Bi in R
m
and
R
m
is identied with a hart domain. We an extend the semi-diret
produt struture from H(Rm) ×τ Cc(R
m) to H(Rm) ×τ Cc(R
m,Rq),
where Cc(R
m,Rq) is the spae of ompatly supported Rq-valued fun-
tions, by the formulae (h, (v1, . . . , vq)) = (id, (v1, . . . , vq) ◦ h) · (h, 0)
and (id, (v1, . . . , vq)) = (id, v1) · · · (id, vq). In view of Lemma 2.1, eah
(id, ui) is in the ommutator subgroup of H(R
m)×τ Cc(R
m,Rq). Con-
sequently, h is in the ommutator subgroup of HG(M). This ompletes
the proof.
Remark 3.1. It is apparent that Fragmentation Property holds for
HG(M): If h ∈ HG(M) with supp(h) ⊂ B1 ∪ . . . ∪ Br then h an be
written as h = h1 ◦ · · · ◦ hs, where supp(hi) ⊂ Bj(i), i = 1, . . . , s.
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Corollary 3.2. Let M be a topologial G-manifold with one orbit type.
Then HG(M) is a perfet group.
Indeed, if H is the isotropy group of a point of M then MH =
{x ∈ M : H xes x} is a free N(H)/H-manifold, where N(H) is the
normalizer of H in G. Sine HG(M) is isomorphi to HN(H)/H(M
H)
(f. [6℄), Corollary 3.2 follows from Theorem 1.1.
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